Abstract. By a well-known result of Shepherdson, models of the theory IOpen (a first order arithmetic containing the scheme of induction for all quantifier free formulas) are exactly all the discretely ordered semirings that are integer parts of their real closures. In this paper we prove several analogous results that provide algebraic equivalents to various fragments of IOpen.
Introduction
In [She64] Shepherdson proved that there is a recursive nonstandard model of the open induction arithmetic IOpen (in contrast to Peano arithmetic (PA), where no such model exists by the Tennenbaum's theorem [Ten59] ). Shepherdson's model is constructed as an integer part of certain real closed field (see the Preliminaries section for the precise definitions). Implicitly, even more is proved: a discretely ordered semiring M is a model of IOpen if and only if M is an integer part of the real closure R(M) of M.
In this paper we prove several analogous results -versions of the Shepherdson's theorem -for other fragments of PA in place of IOpen that correspond to various algebraic properties of (extensions of) their models.
Preliminaries

Discretely ordered rings and their extensions.
A discretely ordered ring is a structure R = R, 0, 1, +, −, ·, ≤ such that R, 0, 1, +, −, · is a commutative ring, ≤ is a linear ordering on R such that 1 is the least positive element, and ≤ respects + and · in the following way:
for all a, b, c ∈ R.
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A nonnegative part of a discretely ordered ring in the language without − is called a discretely ordered semiring. We denote the semiring corresponding to the ring M by M + . Further on, M always denotes a discretely ordered ring. (Such an M necessarily contains negative elements and therefore, strictly speaking, can not be a model of arithmetical theory T . If we say that M is a model of T , which we denote by M |= T , we mean that M + is. Let R be a ring. A discretely ordered subring I of R is called an integer part of R (denoted by I ⊆ IP R) if for every r ∈ R, there is i ∈ I such that r − 1 < i ≤ r.
We call m ∈ M the integer part of r ∈ R(M) if r − 1 < m ≤ r. (Note that every r ∈ R(M) has an integer part m ∈ M if and only if M ⊆ IP R(M).) We say that an ordered ring R ′ is a dense subring of an ordered ring R, and denote it by R ′ ⊆ d R, if R ′ is a subring of R and for every q < r from R there is r ′ ∈ R ′ such that q < r ′ < r.
2.2.
Integer-parts-of-roots property. Let f (x) be a definable unary function on M. By IPR(f ) (integer-parts-of-roots) we denote the following formula:
The intended meaning of M |= IPR(f ) can be expressed in vague terms as "existence of integer parts for all f -roots of values y ∈ M" or, in other words, "existence of integer parts of all values f −1 (y), where f
is an inverse function of f , i.e. a function such that f (f −1 (y)) = y, for all y ∈ M".
If F is a set of definable unary functions on M, we write IPR(F ) for the scheme {IPR(f ); f ∈ F }.
2.3. Arithmetical theories. Now we define several arithmetical theories that we use in this paper. Robinson arithmetic (Q) is a basic theory of arithmetic in the language L = 0, 1, +, ·, ≤ . It's axioms are just elementary properties of the symbols from the language. For our purposes the precise axiomatics is not important. We refer the reader to [HP93, page 28, Definition 1.1].
Peano arithmetic is the extension of Q by the scheme
of induction for all L-formulas ϕ(x, y) with a distinguished variable x (see e.g. [Kay91] for a detailed list of axioms and basic properties of PA). When we extend Robinson arithmetic just by the scheme (1) for all quantifier free (also called open) formulas, we get the arithmetic of open induction (IOpen). Its models are exactly all the discretely ordered semirings that satisfy the induction axioms (1) for all quantifier free formulas ϕ.
The theory IOpenLin (open linear induction) is the extension of Robinson arithmetic by the induction scheme (1) for all linear formulas ϕ(x, y) with a distinguished variable x. Here, we say that ϕ(x, y) is linear if in every occurrence of · in ϕ at least one of the two factors is y i , for some i.
Presburger arithmetic (Pr) is the theory of the structure N, 0, 1, +, ≤ . It can be explicitly axiomatized as the theory in the language L + = 0, 1, +, ≤ containing the following axioms:
, and the scheme of induction (1) for all formulas of the language L + .
Results
We describe how the relations between M, F(M) and R(M) translate to certain forms of induction in M. The Shepherdson's result on the relation between IOpen and integer parts of real closures [She64] can be reformulated in the following way: Theorem 1. The following are equivalent for any discretely ordered ring M:
For Presburger arithmetic a similar theorem easily follows from well known properties of Pr:
Theorem 2. Let M be a discretely ordered ring. Then the following are equivalent: 
Proof. Clearly, 1 ⇔ 2 and 3 ⇔ 1,m) ).
; such an n ′ and l := n − n ′ · k satisfy the condition * 3. • * 3 ⇒ 1: Let n k ∈ F(M) and n ′ , l ∈ M satisfying the condition * 3 for n, k. Then Proof. Suppose for contradiction that for every m ∈ M + it is 0 < r < 1 m . Let f (x) ∈ F(M)[x] be of the least degree such that r is the root of f (x). Then the absolute coeficient of f (x) is 0 (if not then it can be expressed as a linear combination of powers of r which is easily a l > 0 such that I
